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Abstract. We present the complete electroweak one-loop corrections to top-pair production at a linear e

+o-

collider in the continuum region. Besides weak and photonic virtual corrections, real hard bremsstrahlung
with simple realistic kinematical cuts is included. For the bremsstrahlung we advocate a semi-analyti-
cal approach with a high numerical accuracy. The virtual corrections are parameterized through six
independent form factors, suitable for Monte Carlo implementation. Alternatively, our numerical package
Topfit, a stand-alone code, can be utilized for the calculation of both differential and integrated cross

sections as well as forward-backward asymmetries.

1 Introduction

At a future linear eTe™ collider with a center-of-mass en-
ergy above 350 GeV, one of the most important reactions
will be top-pair production well above the threshold (i.e.
in the continuum region),

ef+ e —t+ t. (1.1)
Several hundred thousand events are expected, and the an-
ticipated accuracy of the corresponding theoretical predic-
tions should be around a few per mille. Of course, it is not
only the two-fermion production process (1.1), with elec-
troweak radiative corrections (EWRC) and QCD correc-
tions to the final state, that has to be calculated with high
precision. Additionally the decay of the top quarks and a
variety of quite different radiative corrections such as real
photonic bremsstrahlung and other non-factorizing con-
tributions to six-fermion production and beamstrahlung
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have to be considered. Possible new physics effects also
have to be taken into account. For more details on the
general subject of top physics, we refer the reader to [1]
and, for top-pair production, to the recent collider stud-
ies [2-4] and references therein.

The electroweak one-loop corrections will be a central
building block in any precision study of top-pair produc-
tion. Also it might well be that for most of the physics
a phenomenological study of the two-particle (top-pair)
production cross section will be sufficient, thus avoiding
having to deal too much with many-particle final states
observed in the detectors [5-9]. For these reasons, we re-
calculated the complete set of electroweak contributions,
including real hard photon corrections. Several studies on
this topic are already available in the literature. In [10,11],
the complete O(«) corrections, including hard photon ra-
diation, are calculated. The virtual and soft photon cor-
rections both in the standard model and in the minimal
supersymmetric standard model are determined in [12,13],
and (only) in the standard model in [14]. Experience proves
that so far it was difficult to get a satisfactory numerical
comparison based on articles or computer codes without
contacting the corresponding authors. Due to the impor-
tance of the process, for future applications, it is therefore
necessary to provide a common basis and accessible doc-
umentation. Thus we aim, with the present write-up, to
carefully document the one-loop radiative corrections for
the process (1.1)%, with the publicly available Fortran pro-

! The situation with massless fermion-pair production is
much better due to the efforts related to LEP physics; see
[15,16] and the references therein
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Fig. 2.1. Feynman diagrams for the process ete™ — tf in

Born approximation

gram Topfit [17,18], and with the sample Fortran outputs.
In the mean time, we compared our calculations in detail
with the results of two collaborations [19,20].2

In this article, we briefly sketch our calculation and
present some typical numerical results applicable at typical
Linear Collider energies.

2 Conventions and cross sections

In lowest order perturbation theory the process eTe™ — t£
can be illustrated by the two Feynman diagrams of Fig. 2.1.

For convenience we introduce the following abbrevia-
tions:

ps=p1+p2=-p3s—p1, pr=t, (2.1)
Pe = P2 + P3 = —P1 — P4, P?s =S, (2-2)
D7 = P2 +Pps = —P1 — D3, P =u. (2.3)

In the Feynman gauge the matrix elements correspond-
ing to Fig. 2.1 are

My = %Qth[@(m)v“u(pl)] x [a(=p2)yuv(=ps)], (2.4)

2
e
M = v " e — UWe
2= M M, [0(pa)¥* (ve — aeys)u(p1)]
x[a(=p2)vu (ve — arys)v(=ps)] s (2.5)
with
T3 — 20Q ¢sin’ 0
vy = I Qs v (2.6)
2sin Gy cos Oy
T3
ay ! (2.7)

"~ 2sin Oweos Oy

where TJ‘? is the quantum number corresponding to the
third component of the weak isospin, e Q)¢ the electromag-
netic charge, and Oy the weak mixing angle.

We parameterize the radiative corrections by means of
form factors. Defining the following four matrix elements:

MY = [6(pa)y" G u(pr)] < [1(—p2)7,G v (=ps)] |

i,j=1,5, (2.8)

2 Another series of numerical comparisons with the authors
of [14] was started in September 2001; see also [21]

with G! = 1 and G® = 75, the Born amplitude can be
written in a compact form:

_ _ ij,B A 417
Mp=My+ Mz =3 F/"M{. (2.9)
The form factors are
FILB 2 4 0.0 e?
= VU eldt—
' s — Mz% +iMyIy s
= phBZ L plb By (2.10)
R 262 , (2.11)
S — MZ + iMZFZ
2
FOVB = _pa, — , (2.12)
s— Mz +iMzIy
55,B e’
FP28 = aeay (2.13)

S—MZQ—i-iMZpZ.

Besides (2.8), we find at one-loop level three further
basic matrix element structures (in the limit of vanishing
electron mass):

4
ij,1lo0 ij
Mitoop = Zi’jszam P M (2.14)
a=1

with
MY =4'G' ®4,G7
My = oG’ @ s G
My = G'® G,
M =G @7, G,

and respectively sixteen scalar form factors F¥/ in total.
An alternative notion uses the helicity structures,

MER = L@, R (2.19)

etc., with L, R = (1 F 75)/2. The interferences of these
matrix elements with the Born amplitude have to be cal-
culated. Only six of these interferences are independent,

ij, M3t and M3, 3 i.e. we have the following 10

e.g.

equivalences:

AIMM & (T —UYM M 4 sM; P (2.20)

AIMY o (T — U)MY + (s — 4m2) M5t — damy M5t
(2.21)

AIMPY o (T — U)M P 4+ sM 15, (2.22)

AIMP & (T — UIM™ + (s — dmHM M — dmy Mt

(2.23)

3 We are grateful to D. Bardin and P. Christova for drawing
our attention to this simplification
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M3 <0, (2.24)
M3% <0, (2.25)
M455 PN 7M411 PN M311 + thlll , (226)

M o M o M 4 maMy (2.27)

In the massless limit (m; — 0), only M; and My will
contribute to the cross section, and it can be expressed
in terms of the Born-like structures M; exclusively. We
introduce the variables

T:m§+m§—t:§(1—ﬂcos9), (2.28)
U:mg—i—mf—u:;(1—|—ﬁ0059)7 (2.29)
Br=pB=1/1—4m?/s. (2.30)

Based on the relations (2.20) to (2.27) the virtual
corrections can be expressed in terms of six independent,

modified, dimensionless form factors F}’, F1, F91:

o 1 1
F'=|F'+ i t)FH — Juttt 2m?)F3°

+me(Fp° — F{Y)] (2.31)

T 1 1
R = PP = S (utt=2m) ) + S (u— ) F°

(2.32)

~ 1 1
Fl = |F' + i t)F3 — Tttt 2m?)Fy°

+my(Fy® = P

ot
ot

~ [ 1 1
FS = |FP® — Z(u +t—2mi)Fyt + i(u —1)F;

(2.34)
Fi' = [} — F' + FPS — my P, (2.35)
Fo' = [F)' + FS — FJ' — myF)°). (2.36)
The resulting cross-section formula is
do
dcos®
o

2
T CB2Re| (w7 + £ 2ms)(FU T 4 FPUEY)
+(u? 12— 2mfs)<F115F’115’B* + F5 pls&B*) - )
% (F155F111,B*  FISEISBe | 51 p5LEe | F111F155,B*)

+ 2my (tu — mf)(FB“Ffl’B* + F;lﬁfl’B*)} , (2.37)
where the dimensionless form factors are
FiBr = 2 pigB (2.38)

e2

. s |1 i 1 ~ii 1loo
Fi =5 5(savlFlﬂ’B + 16 Fitleor | (9.39)

and ¢; = 3, a = e%/4m. The F¥/ are defined so that double
counting for the Born contributions Fi'® is avoided. The
factor 1/(1672) is conventional.

In the numerical program, helicity form factors are cal-
culated as well. They are defined as follows:

1

PP = 2[R - B B R (2.40)
1

FH = 2[R+ FP = P - F] (2.41)
1

FRL _ *[Fill _ Fi15 _|_Fi51 _ Fi55] 7 (2.42)

@
e

FRE — E[Fi” +EP A+ FP), i=1,.. 4
(2.43)

At the end of this introductory section, we would like to
give the relation of our form factors to those used in the
literature for pair production of massless fermions. In that
case, only the four form factors F}’ contribute. They have
to replace, in the massless limit, the form factors p and
k¢, which are conventionally used to renormalize the muon
decay constant and the weak mixing angle and are precisely
defined in [22,23]. We rewrite the matrix element M; in
such a way that it gives exactly the Born Z amplitude (2.5)
when the four form factors pet, ke, K¢, Ket are set equal to
1:

M= Y Fimi= > FImy

i,j=1,5 i,j=L,R

4dea.ay
s — M22 + iM2FZ

Pet [('Y#L ® ’YHL) - |Qe|Sin2 Owhke (V" ® ’YML)
—|Q¢[sin® Oy ke (V'L @ 7

Qi Qe [sin® by ke (v @ 7,,)] -

X

(2.44)

From here, it is easy to derive the relations between the
form factors F}” in an (L,R) or (1,5) basis and pet, ke, ft,
Ket, Tespectively:

2
de“acay

B
s — M22 +iMzly

X pet(l — |Qc|sin? Oy ke
— |(c,2t|sin2 Owrke + |Qth\sin4 meet) , (2.45)

4e?a.ay
s—Mz? +iMyIy

X pet(—|Qulsin® Oy + |QiQelsin® Oy ket , (2.46)

LR _
=
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dea.ay
s—Myz? +iMyTy

X pet(—|Qe\sin2 Owke + \Qth|Sin4 Gwnet) ,(2.47)

de?a.ay
s — M22 + iM2FZ

SRL _
i =

FRR = Pt (1QuQelsin’ Ouviey)

(2.48)

Three process-dependent effective weak mixing angles

. i . .
sin? @y’ and the weak coupling strength x° are obtained
by inverting these relations:

KT = poy (2.49)
— Mz*+iMgIy / ~ ~ ~ ~

_ s 4262;(; z Z(FlLLiFlLRiFlRLJrFlRR),

. 9 eff e

sin”® Ow (2.50)
(i)

= KeSIn“ Oy =

- < ~ ~ ~ )
LL LR RL RR
Qe (Fl — PR — FY + F )
. eff,t .
sin? Oy = Kkysin? Oy

(e

L _ _ . (2.51)
|Q4| (FlLL _ FLR _ FRL 4 FlRR)
(sin2 Gy "2 (2.52)
1 FRR
= fosin? Ow = L

|QeQ4] (ﬁlLL — PR _ FRL 4 ﬁlRR) '

For the simplest approximations with factorizing, univer-
sal weak corrections, the k., k¢, and /ke; become equal,
real and constant (independent of process and kinemat-
ics); for more details see for instance the discussion of the
weak corrections in [15,16] and references therein. There,
also the important influence of higher order corrections is
considered.

3 Virtual corrections

The virtual corrections come from self-energy insertions,
vertex and box diagrams, and from renormalization. A
complete list of the contributing diagrams may be found
in [19]. By means of the package DIANA [24-26] we gen-
erated useful graphical presentations of the diagrams and
the input for subsequent FORM [27, 28] manipulations.
With the DIANA output (FORM input), we performed
two independent calculations of the virtual form factors,
both using the 't Hooft-Feynman gauge.

For the final numerical evaluations we used two Fortran
packages: FF [29] and LoopTools [30]. Both have been
taken from the corresponding homepages, and LoopTools
was slightly adapted: one infrared Cy was added and the
DB; was used only for photon mass A = 0.

In the package FF, the Passarino-Veltman tensor de-
composition of the amplitudes [31] is defined in terms of
the external momenta of the diagrams, while in LoopTools
this decomposition is performed in terms of internal mo-
menta and the latter are later expressed in terms of the
external ones. The resulting linear relation between the
corresponding form factors is given in Appendix A. Both
the ultraviolet (UV) and the infrared (IR) divergences are
treated by dimensional regularization, introducing the di-
mension d = 4 — 2¢ and parameterizing the infinities as
poles in €. The UV divergences have to be eliminated by
renormalization on the amplitude level, while the IR ones
can only be eliminated on the cross-section level by includ-
ing the emission of soft photons. For the IR divergences
we have alternatively introduced a finite photon mass, as
is foreseen in FF, yielding a logarithmic singularity in this
mass. Agreement to high precision was achieved for the
two approaches.

Because the calculation of one-loop corrections for two-
fermion production is well known, we do not present a
detailed prescription of the calculations. We perform the
renormalization closely following [32]. On the other hand,
we want to fix some cornerstones and sketch the renor-
malization and show the UV-divergent parts of all the
contributing diagrams, such that their cancellations can
be deduced. The treatment of the IR divergences will be
discussed in more detail because of the interplay with real
photonic corrections. Finally, concerning the finite parts,
we refer to the Fortran program Topfit. We only mention
that we did not perform a complete reduction of the var-
ious scalar functions to Ag, By, Cg, and Dy, since this is
not needed for a purely numerical evaluation.

3.1 The self-energy diagrams

We have to renormalize the UV singularities of the self-
energies of the photon and the Z boson, and also that of
their mixing. Since the counterterms from wave-function
and parameter renormalization must exhibit Born-like
structures, it is clear from the very beginning that a can-
cellation of UV divergences can only occur in terms of sin-
gle propagator poles. The double poles, which originally
occur in the self-energy diagrams, are cancelled by mass
renormalization. This we want to stress for the following,
by allowing only single poles in the self-energy contribu-
tions. Thus the photon self-energy and the Z self-energy
diagrams take the form

X
S, = % M., (3.1)
Yzz
S;=—""= Mgy. 3.2
zZ s _ M22 Z ( )

In the v—Z mixing diagrams, a partial fraction decompo-
sition of the product (1/s)1/(s — Mz?) is performed, but
no subtraction:

1 1 1
Sz =—Q Yy g—s| ——= — =
vZ e’Q WZMZ2 (s—M22 5)
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XY X Yu(vr — ays) (3.3)

1 1 1

Sy = —Q Y g— — — -
XY (Ve — @eys) X Yy - (3.4)

We give the UV-divergent parts of the renormalized self-
energies (for definitions, see Appendix B):

23\ 1
ren,UV _ 2
2 —€5<—3)7

€

(3.5)

e2

ren,UV __ ¢wren, UV __
UV pren OV &
2sin Oy cos Ow

4 41 1
X (360032 Ows — AMy? — 3s> = (3.6)

SyptV = s - Mz?) (3.7)

« (23 n 6 41 ) }
3 sin?0w  6cos? OwsinZ Oy ) €

Three families of fermions are assumed. The UV-divergent
terms of the self-energies are independent of the fermion
masses, but this is, of course, not true for the finite con-
tributions.

The form factors are easily deduced from the above
representations. The photon self-energy, for instance, con-
tributes to Fii! only:

ren 62

~ b))
Fll,w FlLBn/v Y —
1 — 1 T = Qth*

ST (38)

3.2 The vertex diagrams

From the initial-state vertex corrections, form factors Fi7"",
V =, Z, arise, and from the final vertices F7" and Fy? v
the latter being proportional to m;. There are UV diver-
gences from the vertex diagrams in F}’: again only Born-
like amplitudes are UV-divergent.

The divergent parts of vertices with a photon or Z
boson in the s-channel, correspondingly, are*

yov_ (€ ‘11
T T\ 28w/ se

x [fln’”m OV + 127, @ Y5 + 7 175 © 7’*} :

2
Vv _ e? I 1
z 25%,¢ ~My%e
wEeW S 4

11,7 15,7 51,2
X [fl Y @V + f17 7 @Y ys + 17 Vs @ H

(3.9)

(3.10)

55,2
+ f1 YuYs @ 7”75} .

4 To compactify the following formula we introduce the ab-
breviations sin 0w = sw and cosfw = cw

The explicit expressions from the initial and final photonic
vertices are

(3.11)

g . (3.12
3MW2>ﬁn ( )

(3.13)

For the Z boson in the s-channel we only give the sum of
the initial- and final-state fermion vertices:

oz 9 219 mp 1 omp o,
! 216 18¢%, 16 My? 16 My2 ¥ M2
(Lo mp 15T, 82,  3mi  1m
3Wa,2 108 27 W a2 3 M,
(3.14)
15,z 21 1 7 m? 1 m? 1, m?
= — = = — — — =C
! 8 & 16 Mw? 16 My 3 VM2
+12m§ 137 , 32, 5my 1 m}
2e _ 2l 02 2 _Z
3WVaM2 36 Y 9V T 6 M2 3 MY
(3.15)
sz 065 95 1 3 mp 1 mj
! 216 108¢3, 16 My 2 48 My>
449 , 10, 1 m 1 m}
- — — -~ — 1
sV gt etz 810
sz _ 97 _ 7 1 7 omi 1 omj
o2 12¢d, 48 My? 48 My?
Tl Lo Lomy (3.17)

36V T2, T a2
The resulting form factors can be extracted, e.g.

FPIOY = () /(4s3yse) 177 (3.18)

3.3 The box diagrams

77, Z~v and vZ box diagrams contribute to all form fac-
tors F}? to F,’ introduced in (2.14) to (2.18), while the
WW box diagram contributes only to F}’. The pure pho-
tonic box diagrams contribute only to F}* and F°°. Simple
power counting shows that there are no UV divergences
from the boxes. The IR divergences will be discussed in
Sect. 3.5 and Appendix C.
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3.4 The counterterm contributions

Finally we have to take into account the contribution from
the counterterms of Appendix B, where we also introduce
some of the notation to be used in the following. With
these the photon exchange becomes

C’Y = ['Vu ® 'VM(Za,t + Zb,t'YS) + 'Vu(za,e + Zb,e'75) D Yu
2
e
Qth* .
s

de
+7. ® 7“2; (3.19)

Analogously, for the Z exchange

Cz = {”Yu(ve —aeYs) ® %(Ut - at%)(za,t + Zb,t'YS)
+ 'Y;L(ve - ae'YS)(Za,e + Zb,e'YE:) ® 'V;L(vt - at'75)
Q
— T ® ’Yu(vt - at'Y5) . 88%\/
SWCW
— Tu (Ue ae'YS) ® i Qt 65%\/
SWCW
+ Yu (ve - ae'YS) ® ’Vu(”t - at'YS)

de 1 1 9 e?

It is again easy to collect from the above expressions
the corresponding contributions to the form factors Fi'! to
FP5. The contributions to, say, Fi! from the counterterms
are

S11,ct de 11,B,
R = |25 st 2| P

de 1 1
+ |:2 + Za,t + Za,e + (2 — 2) 55%\]:| Flll’B’Z
e CW SW

2
35 e

wasfMZ

— (11Qe + Q) —— (3.21)

The resulting 1/¢ terms may be read off in Appendix B.

The sum of all the 1/e terms listed in the foregoing
subsections for the form factors Fi7, i,j = 1,...,4, has
been shown to finally vanish separately for the photon
and the Z pole of the s-channel propagator:

Fz] ,UV F’L] YY + sz Y2 +F13 N 4e% + Fz] A

i, i,z nig,ct
+ Fi0 4 FiaZ 4 i ]Uv =0.(3.22)

3.5 Infrared divergences

In Topfit, we have incorporated two weak libraries. One
uses the package LoopTools [30], and the other one the
package FF [29]. With these two options, we have a variety
of internal cross checks at our disposal.

The photonic virtual corrections contain infrared di-
vergences. They appear as singular behavior of classes of

annihilation into ¢¢ including hard bremsstrahlung

one-loop functions. One may follow several strategies to
handle them in a numerical calculation. The simplest one
is to blindly give the task to the library for numerical cal-
culation of the one-loop functions and then control the in-
frared stability numerically in the Fortran program. Both
packages allow for this approach; LoopTools with dimen-
sional regularization or with a finite photon mass, while
FF treats loop functions with finite photon mass only.

In addition, we checked the IR stability in two ways ex-
plicitly. In the library based on FF, we simply took a small
but finite photon mass and directly applied FF without
simplifying any tensor functions. Several analytic checks
were also performed. In the other one, we isolated in all the
scalar functions the IR divergence explicitly and the can-
cellations with the divergences from bremsstrahlung cor-
rections (see Sect.4.3) were controlled both analytically
and numerically.

In AppendixC, we fix the notation and discuss the
basics of the treatment of IR divergences. In the rest of
this section, we simply give a list of the divergent parts of
the form factors.

From the renormalization of the fermion self-energies
(wave-function renormalization factors) we have

B2 = 4e2Q3m2 DBy (m2;m3,0)F{7P . (3.23)

From the vertex corrections (index f = e,t):

FViIR (3.24)
ij,B

= —Zefo(s - me)C'O(mf,s mf,O mf,mf)F

These form factors combine in the cross section with
the initial- and final-state soft photon corrections to an
infrared-finite contribution. For instance, the pure pho-
tonic parts contribute only to F''. The resulting IR-diver-
gent cross-section contribution in (2.37),

do /IR
dcos@

doB

~ dcosf T

Qf 5, (3.25)

with

SR — 2n 1 s = 2mj
F= )\ * Sﬂf

is compensated with (4.76) and (4.77).

A little more involved are the box diagram contribu-
tions. As a typical example, we show the photonic box
parts. The direct box gives

1 — By
oy +/6’f> ,  (3.26)

FRbAvIR _ _pSsdvIR g gyG, . (3.27)
F2117d'y,IR _ F2557d7,IR — 4G, (3.28)
FRr®R g6 (3.29)

with

Ga = —€°QcQs Co(m?,t,m7;0,m2,m7) F{P7. (3.30)
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From these expressions, the form factors (2.32) to (2.35)
get contributions

Fildrin (3.31)
= HT 2Q.Q; Co(m2,t,m?;0,m2,m?) F"P7,

and all the others vanish. Analogously, from the crossed
photonic box diagram we have

F111,c7,IR _ +F1155vc”f’IR = —2(u—m?)G., (3.32)
FILerR — _pBhenIR _ g (3.33)
F455,c7,IR — +4m,G. (3.34)

with

Ge = —€*QcQ; Co(m2,u,m?;0,m2,m?) F"B7.
(3.35)

From these expressions, the form factors (2.32) to (2.35)
get contributions

FildriR (3.36)

2 2 2 2 2 11,B,
= —4U ¢e°Q.Q: Co(mZ,u,mz;0,m2,m;) F; 77,

and again all the other ones vanish.
The resulting cross-section contributions become

do 7R
3.37
dcos® ( )
doB o 1 MMt MMy
- 42 Q. 17(1 -1 )
Teosg tp @@ Imyn—F T

and are compensated with (4.78).

In Appendix C we show the relevant scalar functions
explicitly.
4 Real photonic radiative corrections

4.1 The three-particle phase space

The reaction

et (pa) + e (p1) = tlg2) + t(as) + v(p),

with

do =

23ﬁ |/Vl|2 (2“)454(P1 +ps—q2—q3—D)

y d’qy  d’qs d’p
(2m)32E, (2n)32E; (2r)32E,

(4.2)

is the one which in reality always takes place, even if for
soft photons the “elastic” Born cross section can be a good
approximation without taking into account the radiated
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photons. Here we introduce the final-state phase-space pa-
rameterization: for convenience of notation, the top physi-

cal momenta qgo = —ps, g3 = —p3 are used here. We will not
neglect the electron mass systematically, p3 = p7 = m2,
and By = /1 —4m2/s. Our semi-analytical integration

approach with physically accessible observables as inte-
gration variables may be used to set benchmarks and to
control the numerical precision to more than four digits.
Their choice is constrained by the observables we want to
predict, notably the angular distribution and certain cross-
section asymmetries. Basically we follow the approach pro-
posed in [33,34] and extend the required formulae to the
massive fermion case.

There is not too much found in the literature for the
radiative production of massive fermion pairs. Thus, we
will discuss the kinematical details with some care, since
they define the integration boundaries of our numerical
integration program.

In (2.1) and (2.3) we defined ¢t and u for two-particle
production. With the additional photon in the final state,
we have to be more specific and will use the following
definitions:

T = 2pags, (4.3)
U=2piqgs. (4.4)
Additionally, the following invariants will be used:
s' = (2 +q3)%, (4.5
Zi2 = 2pp1a, (4.6)
Vie = 2pgas. (4.7)

The squares of all three-momenta in the center-of-mass
system can be expressed in terms of a set of A functions:

4slaz)® = A1 = M[(p1 +pa)?, (a3 + )%, 63

= (5 —V5)? —4m?s (4.8)
4slqs]® = A2 = M[(p1 + pa)®, (@2 + p)°, 63
= (s 4+ Vo)? —4m?s, (4.9)
4s|p1|* = 4s|pa|® = Ay = A[(p1 + pa)?, P, ]
= 5% —4m?s, (4.10)

4s|p|? = Ay = A[(p1 +p2)?, (22 + ¢3)%, 9]
=(s—5)?, (4.11)

where we use \(z,y, 2) = 22 + y? + 22 — 2(ay + vz + y2)
and the relation 4p? |pg|* = A(pa + pB)%, P4, %] lpa=o
for pa = (pl +p4) = (\/§707 0, 0)

The phase space of three particles in the final state is
five-dimensional. This means that only five of the ten scalar
products (those introduced already: s,T,U, s', Z;, V;, plus
W1 2 = 2p1,4g2) built from the five momenta are indepen-
dent. In fact, the following relations hold

s=8+Vi+Vo=5+2721+ 2
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=Vo+ Wi+ Wy (4.12)
=WVi+U+T=2Z;+W1+U. (4.13)

We use the first of relations (4.12) in order to substitute V;
everywhere in favour of V5 as already done in (4.9). Since
we do not consider transversally polarized initial particles,
an integration of the cross section over the corresponding
rotation angle is trivially giving a factor 2 and we are left
with four non-trivial phase-space variables.

For the calculation of the forward-backward asymme-
try, the angle 6 between the three-momenta of £ and e™ is
used, in accordance with (4.3). Further, the energies E,
Ef, and E, are “good” variables. As mentioned before,
they can be expressed in terms of the invariants s’ and Va:

s+ Vs
By = 4.14
WA (4.14)
s—3s'
B, =" 41
2l 2\/57 ( 5)
By =B, —E= 2 (4.16)

25
The scattering angle in the center-of-mass system may
now be expressed by invariants:

s+ Vo BovAs
2 2

As will be seen later, the two invariants s’ and V5 also
describe the angles between any pair of final-state parti-
cles. Therefore, we choose them to parameterize the phase
space. Finally, the fourth integration variable will be the
azimuthal angle of the photon ¢, .

The coordinate system is chosen such that the t moves
along the z-axis and the beam axis is in the y—z plane.
The four-momenta of all particles can then be written as
follows:

T= cosf. (4.17)

N

pL = 7(17 0, —Bosinb, — Gy cos ), (4.18)

Py = ?(1,0,60 sin @, By cos9) , (4.19)
p = E,(1,sin 6, cos ¢.,sin b, sin ¢, cos 6 ),

(4.20)

g3 = (F 0,0, ]as]), (4.21)

g2 =p1+ps—p—qs3. (4.22)

The ¢, and 6, are the azimuthal and polar angles of the

photon. The expression for cosf., (and also that for |qs|)

can be obtained from (p + q2)? = (q3)?,

M—X—), s(s—5)—Va(s+5)
2\/)\p)\2 (S - S/)\/ /\2

and again depends only on s’ and V,. The differential

bremsstrahlung cross section (4.2) takes the form

1 1
(20)° 2500

cosf, = , (4.23)

M2 %dqﬁyds’dvgd cosf

1 1 5 TS
= —— - —d¢,drdzdcosf. (4.24
(27'5)5 2Sﬂ0 |M‘ 16 (b’Y rdrdcos ( )
In the last step, dimensionless variables are introduced:
T = Ve , (4.25)
S
S/
== 4.26
r=2, (1.26)
4 2
T = ?t (4.27)

The integration boundaries are either trivial (¢~ and cos 6)
or can be found from the condition that the three three-
vectors p, g2, g3 form a triangle with the geometrical
constraint cos? 0, < 1. The four integration variables vary
within the following regions:

0< ¢, <2m, (4.28)
x
- — — )2 — <1-—
22 + /2 (1 to—v(l-2) Tm) si=r
x
<o/l VI =z)2=7rp),
*2x—|—rm/2( ot V(l—a) - )
(4.29)

0<x<1—rp, (4.30)
—1 <cosf < +1. (4.31)

If the order of integrations over r and z is interchanged,
their boundaries are

1—7r T 1—r T
1—4/1—— | <z<—|1 1——
2( V r>_m_ 2<+\/ r)’
(4.32)
(4.33)

The kinematic regions of r and z are shown in Fig. 4.1a
for massless (r,,, = 0) and in Fig. 4.1b for massive (r,, # 0)
final fermions. At the kinematic boundaries, the three-
momenta p, gz, qs are parallel. Further, there are three
special points where exactly one of the three three mo-
menta vanishes:

A=V
B 2_\/"“m7

Tm <7 < 1.

1—@) , (4.34)
C =(1,0) .

At point C' the soft photons are located. Section4.3 is
devoted to their treatment. The t () are at rest in A (B).
In the massless case, r,, = 0, the three points A, B and
C are located at the corners of the kinematic triangle,
A=(0,1), B=(0,0), C =(1,0). From (4.14)—(4.16) it
follows that the photon energy is maximal at the left edge,
coinciding with the x-axis; the fermion energy is maximal
at the lower edge, coinciding with the r-axis; and finally
the energy of the anti-fermion is maximal at the third edge.

VTm

(1—\/a)m

) . (4.35)

(4.36)
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Fig. 4.1a,_b. Kinematic_re_gion of r and x for a r,,, = 4m?/s =0 and b 7, = 0.2. The energetic cuts are also shown; they are
rg = 2B /s, 1 = 2B /NS, re =1 — 2w/ /8 =1 = 2Emin (V) /S, v = 1 — 2Emax(7)V/s

4.1.1 Energy cuts

Cuts on the energy of the final-state particles are of im-
portance for two reasons: they are being applied in the
experimental set-ups, and for the photon we have to iden-
tify the soft photon terms in order to combine them with
virtual corrections for a finite net elastic cross section. The
lower hard photon energy (being also the upper soft photon
energy) is

w=EM. (4.37)
All three energy cuts are deduced from (4.14) to (4.16).
The photon energy is related to r by

r=1-2E,/\s, (4.38)
and the limits to be imposed are
Ty =1=2E7"/\/s <r<1-2w/Vs=r,. (439)

Constraining the fermion energies leads to cuts on z:
rp—r=2E"")\/s —r<z<1l-rg=1-2E""//s.
(4.40)

All the energy cuts are independent of the mass of the final
fermions and of cos f. They are illustrated in Fig. 4.1. From
(4.40) it can be seen that the derivatives of the kinematic
border at points A and B in Fig. 4.1b (for their definitions
see (4.34) and (4.35)) are 0 and —1.

4.1.2 Angular cuts

The scattering angle 6 is the angle between ¢ and e™. This
angle is one of the integration variables and is constrained
directly:

Cmin < ¢ =cosb < Cpax- (4.41)

Rl

Fig. 4.2. Triangle of the three-momenta of fermion, anti-
fermion and photon

Additional angular cuts deserve a study of the (r,z) pa-
rameter space. To be definite, we will always consider the
kinematic bound of r for an arbitrarily chosen value of x.
The directions of the final-state particles define three
angles 0.z, 04, and 0%, as shown in Fig. 4.2. The acollinear-
ity angle £ is defined by
The condition £ < 1 restricts the events to a Born-like
kinematics: the fermions are back to back and only soft
photons or photons collinear to one of the final fermions
are allowed. Using the above formulae, the acollinearity
angle £ is expressed in terms of the invariants x and r:

M+,

2V

_ r(l+z)—az(l—x)—rmy
V=22 (r +a)? == 2)2 + (r + )]+ 73,

cosé (4.43)

Equation (4.43) can readily be derived considering the sca-
lar product g2q3 or alternatively the triangle of the three-
momenta of the final particles in Fig. 4.2, taking into ac-
count the relations (4.11) between the A functions and the
absolute values of the three-momenta.
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0.4

0.6

a

Fig. 4.3a,b. The kinematic region of r and z for different values of the acollinearity angle & for a r,, = 4m?/s = 0 and b

rm = 0.2

For massless fermions, (4.43) is much simpler and de-
scribes a hyperbola with a symmetry axis rotated by an
angle of —m/8 relative to the r-axis. The kinematic regions
for different values of the acollinearity angle are shown in
Fig.4.3. All lines intersect at the points A and B. For
moderate cuts on the maximum acollinearity angle, the
kinematic area is only constrained for values of x above
the point B, i.e. for > \/rrm (1 —/Tm)/(2—/Tm). In this
case only the lower bound of r is changed. The constraint
to the kinematic region acts in a way similar to a cut to
hard photons. This is clear from the topology of events
with high acollinearity: the fermion and anti-fermion fly
approximately in one direction and must recoil against a
hard photon. For stronger acollinearity cuts, constraints
of the kinematic area arise also for values of x below the
point B. In this case the allowed range for r splits in two
regions. The first region extends from the lower kinematic
border to the smaller solution of (4.43), while the second
region extends from the larger solution of (4.43) to the
upper kinematic border.

The analytic treatment of the acollinearity cut for the
massless case was also discussed in [23,35-37].

In a similar way as explained for the acollinearity angle,
the two angles 6;, and 0, can be expressed in terms of
the two invariants r and z:

Ao — A= Ap
2./ M N

r(l+z)—(1—2x)

cos iy =

= , (4.44)
1-rv1-2)2-7n,
cos 0z, = cosf, = )\12_);\\/27;)\’7
27p
_ —z(l+r)+r(l—r)  (4.45)

(=)

(x4+r)2—ry

Although physically the situation for a cut on 6 is equiv-
alent to a cut on 0z, the symmetry is broken because we
had to make a choice between V7 and V5. The constraint on
¢~ leads to a quadratic equation in x and r, while that for
0f, is quadratic in x and of fourth order in r. In the mass-
less case, the constraints to 8, become a bilinear equation
in r and z, describing a hyperbola with a symmetry axis,
which is rotated by an angle /4 relative to the r-axis. The
massless limit of (4.45) leads to a constraint on 6., which
is linear in x and quadratic in r, describing a hyperbola
with a symmetry axis, which is rotated by an angle of n/8
relative to the x-axis.

The kinematic regions for different values of the angle
04, are shown in Fig.4.4. All lines intersect at the points
A and C. The exclusion of events with small angles 0
excludes regions near the edge x = 1 — r. These kinematic
regions correspond to events with large anti-fermion en-
ergies, (compare Fig.4.1). Technically, a constraint of the
angle 0y, from below changes the upper bound of r in the
kinematic region for a fixed x. The lower bound of r is
unchanged by this cut.

Finally, the kinematic regions for different values of
the angle 0z, are shown in Fig.4.5. All lines intersect at
the points B and C. The exclusion of events with small
angles 0z, excludes regions near the r-axis. These kine-
matic regions correspond to events with large fermion en-
ergies, (compare Fig.4.2). Technically, a constraint of the
angle 0, from below affects the kinematic region only for
some x below a certain value. For these x and for mass-
less fermions, the integration region of r is split into two
regions. The first region extends from the lower kinematic
border to the smaller solution of (4.45), and the second
one extends from the larger solution of (4.45) to the upper
kinematic border. For massive fermions, the cutting out
of small angles 0z, changes only the lower bound of r as
far as x is below the point B. For a harder cut on 0z,
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Fig. 4.4a,b. The kinematic region of r and x for different values of the angle 6;, and for a r,, = 4m?/s =0 and b 7, = 0.2
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Fig. 4.5a,b. The kinematic region of r and z for different values of the angle 0z, and for a r,,, = 4m?/s =0 and b r, = 0.2

the kinematic region is also affected for values of x, larger
than the z coordinate of the point B. For a fixed z and
finite my, two regions of r near the kinematic border are
then allowed, while some region in the “middle” is cut out
by the constraint. This is similar to the situation in the
massless case.

4.2 Radiative differential cross sections

For massless fermions, typically a threefold analytical inte-
gration of the radiative contributions to fermion-pair pro-
duction with realistic cuts may be performed, see [23,35,36]
and references quoted therein. For massive pair produc-
tion, everything becomes non-trivial and, in the end, we

decided to perform only the first integration analytically,
the one over ¢,. This leaves three integrations at most for
a numerical treatment. Our practice proved that the ac-
curacy and speed are absolutely satisfactory for our needs
of calculating benchmarks and physics case studies.

For these reasons, and in order to make everything
well-defined, we now have to collect the singly analyti-
cally integrated contributions to be used in a subsequent
numerical calculation.

We will use a notation for the couplings with some
flexibility not needed in the Born case:

V(s,s') = ;%e{Z[xm(S)xZ(S’) + Xm (8")x7 ()]

m,n
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x [ve(m)vg(n) + ac(m)ag(n)]

x [vp(m)v}(n) + af(m)a}(n)]} , (4.46)

As, ') = ;%e{Z[xmw)x;(s') o (5 5]

m,n

X [ve(m)ag(n) + ac(m)v; (n)]

X [vf(m)a’}(n) + af(m)v}(n)]} , (4.47)

C(s,s) = 2%6{Z[><m(5)x2(5') + xm ()X (5)]

m,n

X [ve(m)vg(n) + ac(m)al(n)]

X af(m)a}(n)}, (4.48)

C(s,s') = §R6{Z[xm(S)xii(S') = Xm (s")x7 ()]

m,n

*

X [ve(m)ag(n) + ae(m)ve (n)]
X [vf(m)a}(n) — af(m)v;';(n)]} , (4.49)

where we use vf(y) = Qf, af(y) = 0, v(Z) = vy, and
af(Z) = ay and

= 4.50
S—_]\J%‘i-i.l—jzjw—z7 ( )

(4.51)

With these conventions, the Born cross section becomes

doBor(s) o’ N3
de T2

X [V(S, 5)(2 — B2 + ¢*B%) 4 2cBA(s, 5)

1-p32
2

O(s, s)} . (4.52)

The cross section for eTe™ — tty subdivides in the
gauge-invariant subsets of initial-state radiation, final-state
radiation and the interference between them. Explicit ex-
pressions for the totally differential cross section may be
found in [37]. The integration over ¢, is not too compli-
cated and in fact we could simply use existing tables of
integrals [33,34,37]. This first integration is unaffected by
the cuts discussed and has to be performed with an exact
treatment of both m, and m;.

The cross section for initial-state radiation after the
integration over ¢, is

dSCTini _ O[SNCQi

deds’d Vs 2552
m2¢ 2 2 2

X V(s s')|—2—=5(2T% — 2T's' + s'* + 2m;s’)
v D1

2
— &%(2U2 —2Us" + 8% 4+ 2m?s’)
v Ds

" 25’ < 1 n 1 )
s—=s'\VDi VD2
x(T? —Ts' +U? —Us' + 5" + 2m?s')
1

+ \/T(fQUs' + 55" + 8% 4+ 2m2(s + )
1

+ (—2T's" + 55’ + 5% +2m?(s + 5'))

1
VD>

—25" —4m?

2 2
+ A(s, s/)s’[Q me1 (s —2T) +2 LAY (s —2U)

(s @)

(s+s —2U) +

1 /
_or
N

G G )
3 + 3
VDo /Dy

1 1
—(s+s)<m+m)+2}, (4.53)
with
Gra = 25 (1% focer) (4.54)
~ Vi(s+5") —s(s—5')
Ct = (5 — s’)\/z s (455)
Bo=1/1- 47:3 ; (4.56)
Do = )\%Cl,z

_i 1 I ! !/
= )\2{4[255 (Va+s")(s+5)
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2

+cfo(s — s')\/ g (4.57)
+4mZ[s'Va(s — ' — Vo) — (s — s’)me]}.

The cross section for final-state radiation after the in-
tegration over ¢, is

ds(fﬁn O[SNCQ?‘
deds’dV, 243
2 2
X {V(s, s) —%(—QUT + 5% +2m?s)
1
Qm? 2 2
_7ﬁ4_ﬂUT+U@+TQ+(my+s+2mﬁ)
2
x4m?OHT+C)+TW#()—2m%)
ViV ? ! '
_ B QUT 16+ TC, + Cia — 25)
‘/1‘/2 2 1 12
+ i(Vg —4m?) + i(V1 — 25 — 4m?)
14 Y, k
2m?2 2m2
+ A(s, 8)s| S (T —U) + 2L (T + G — U — G)
Vi Vs
1
(8~ 2m) U + G - 2T~ Go)

U-T U+G-T-0C
LT Vs

+ C(s,s)2m? 4.58
t

1 1 1
X {ml‘?s(‘/f + Vf) + m(glg —ss + mes)]},
with
G2 = Gla— Gl —$PRU-A)1-&).  (459)

The cross section for the interference between initial-
and final-state radiation after the integration over ¢, is

d®oine o a3NCQEQf
deds’dVy 2525’
<AV (5, 8)| e (s — 1)
’ s =
vDiV1

x(27?% — 2Ts' + " + 2m?s’ — 2UT + s* — 2m?s)
1
e (s-T
DoV, (s =T)

x(2U?% — 2Us" + s + 2mis’ — 2UT + s* — 2m7s)

1
+ ———(s'=U
VD2 Vs (s )
x(2T?% — 2Ts + s* + 2mis — 2UT + s — 2m?s’)
1
- b, (s =T)
x(2U? — 2Us + 8% 4+ 2m2s — 2UT + s'* — 2m?s')

+ (G~ G)s+ (U —~T)(3s — s — 4m?))

- %((Cl — () (8" +4mf) + (U = T)(3s' — s + 4m7))

) ( s+ 5%+ 2mi(s + 5'))

(5

+ A(s,s')s ﬁ(s ~U)[-2Ts" + %+ s(U — T)]
+¢g;ﬁ@—T»JU§+sQ+dT—Uﬂ
+ \/D712V2 (s —U)[-2Ts+ s>+ (U —T)]
+ﬁ(s’ CT)[-2Us + $ + (T~ U)]
+Vi1 (255" + 2m(Va — 25))

1
—l—g (—2ss’ +2m7 (Vy — 2s))

1
+ s'T — sU
ﬁDl( )
1
—l—\/Diz(s’U —8T) +2(s + ') 4+ 4m?

+ C(s, 8" )ym?

X (s—1T)

) 1 1
(s+s )(—mvl (s=U)+ 7\/172‘/1

1 1
_VD7V2T+\/D?V2U>
1 1
+ (G —C2)<V2 - V1>

%é@dqmﬂ5+§ﬂéé+;J}.

(4.60)
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4.3 Soft photon corrections

The four-dimensional integration of the bremsstrahlung
contributions is divergent in the soft photon part of the
phase space and is treated in d dimensions. One starts from
areparameterization of the photonic phase-space part with
Born-like kinematics for the matrix element squared. To
obtain a soft photon contribution we have to take the terms
of the bremsstrahlung amplitude without p° = E,<win
the numerators. In this limit, s’ approaches s and the soft
contribution to the differential cross section takes the form

soft Born
do _ E soft do
dcosf ¢ dcos@’

(4.61)

with

d3p
5soft _ 411:2/
(2m)32E,

2ps 2p1 20 2g3\]°
- Mz -7)ra(E-)] ee-5

d’p fit
= — ﬁe(a} E )ISO (462)
and
Jeoft _ Q2 m?2 N m2  s—2m?
4E2 U\ Z} 73 Z1 7
T T U U
Qe Qt(Zﬂ/l A AT ng1>
2 2
of My  mi  s—2my
—t _ 2t 4.63
+ Qt (‘/12 + ‘/'22 ‘/'1‘/'2 ) ( )

The scalar products have to be taken according to Born
kinematics, i.e. the expressions (4.6) and (4.7) become

Zy = 2ppy = 2E,[p} + |p1| cosb,] , (4.64)
Zo = 2pps = 2B, [p} — |pa| cosb,] (4.65)
Vi = 2pg> = 2B, [¢) + |q2| cos 0] , (4.66)
Vo = 2pgs = 2B, [¢5 — |as|cosfy] . (4.67)

From here we see that I°°% is constructed to be indepen-
dent of E,. Substitute now, with d =4 — 2¢, € <0,

ompy2e [ .
6soft N ( TZ:E) /E;(1+2€)dEry/dQ(d,Q)IbOft

1
;/dg{m{ﬂn ;111(152)] %ot
—1

(4.68)

We introduce the abbreviation for the infrared divergence

PIR—_*‘F*— n(2ym).

=t % (4.69)

annihilation into ¢¢ including hard bremsstrahlung

The infrared divergence can also be regularized by intro-
ducing a finite photon mass \:

In—.

S (4.70)

PIR — ln,u =

The last integral over § = cos 6, is trivial for the prod-

ucts Z;Z; and V;Vj, since they contain only one angle;

one may thus identify either £ = cosf), or £ = cosf,. In

the initial-final interference, one may introduce a Feynman
parameter

1
1 1 /
da , 471
ZiVj 4ppzpq] ) )
with
kij = ap; + (1 — a)qj . (472)
Then (pki;)* = E2s(1— (i cos 0;5)* /4 and we can identify
now & = cos 0;;. Further,
(1= fi2)® = (1 Baz)? = (1 - Br)? (4.73)
= é[04(1 — )T +o?m? + (1 — a)®mj],
s
(1-p13)* = (1—Ba2)* = (1 - Bu)? (4.74)

@ |~

[a(l —a)U +a®m? + (1 — a)®m]].

The final result is

650& = zdls;)lft + QthéfI?tft + chsgc;lft ) (475)
with

6lbr(l)lft(m€7 w? €, /1/)

2

= 2(PIR+IDM) |:1+
12

PRI

(l—l—ﬁo) 3 s — 2m?
Bo 1-05o 500

s —2m? ln<1+ﬂo>}
s 1—=0o

of 200
[ (%)

Lis(1) + L L . (4.76
FhenE 12( 2 ) T\t T
S (my, w, €, 1) = 5598 (my, w, €, ), (4.77)
2
oot (me, iy, w, €, ) = 2<PIR +1In ;))
< WI+var U U+\WU)
\/7 T \/7 Vir  U—=+vA
+ Q[Tf(T) ~UF(U)], (4.78)
and
Ap = T? —dmgmg (4.79)
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1
1 1+ Br

4
FI) = _s/do‘ﬂT<1—ﬁ%) T

0

(4.80)

and analogue definitions for T <» U. We calculate the
finite interference part given in (4.78) numerically, but
have shown the agreement with (3.64) of [38]:

TF(T) - UF(U) (4.81)

. 1-p : 140
- _2[L12(1_ 16cos9> +L12(1_ 150050)
. 1-p , 1+p
_L12<1_ 1+5c059) _ng(l_ 1+50089>} '

5 Results

In this section we present the numerical results of the elec-
troweak one-loop calculation to the process ete™ — tf. We
have performed a fixed-order « calculation, i.e. no higher-
order corrections such as photon exponentiation have been
taken into account.

For the numerical evaluation we assume the following
input values [18-20]:

'y =2.49977 GeV, a= Z—; = 1/137.03599976,
B = V/5/10°, My = 80.4514958 GeV,
My =91.1867 GeV, My = 120GeV,

me = 0.00051099907 GeV, my = 173.8 GeV,

my = 4.7 GeV, m,, = 0.105658389 GeV,
m, = 0.062 GeV, mg = 0.083 GeV ,

m,; = 1.77705 GeV, me = 1.5GeV,

ms = 0.215 GeV. (51)

Two packages, namely FF [29] and LoopTools [30] have
been used for the numerical evaluation of the loop integrals.

In Fig. 5.1, we present the differential cross section for
various generic values of 1/s.

It can be seen that for rather high center-of-mass en-
ergies the characteristic features of a massive fermion-pair
production become less prominent. At /s = 3TeV the
differential cross section of electroweak radiative correc-
tions starts to exhibit collinear mass singularities at the
edges of phase space. Those are cured by applying a cut
on s'. In general it can be seen that the effects of radia-
tive corrections are more dramatic for top pairs produced
close to the direction of the beam. For the TESLA range
of center-of-mass energies, backward scattered top quarks
give rise to slightly larger corrections than forward scat-
tered ones [19]. For higher energies this effect is more or
less washed out.

In Tables 5.1 to 5.3 we present a complete set of form
factors entering the cross-section calculation. The form
factors given correspond to the minimal set of indepen-
dent form factors possible for a two-to-two process with
two massless and two massive fermions in the initial and
final state respectively, and are defined with respect to the

T /a=500 GeV

do/ dcos©Olpbl _

3000 GeVv

"O Il Il Il Il Il Il Il Il Il
-1 -0.8 -06 -04 -02 O 02 04 06 08 1
cos @
Fig. 5.1. Top-pair production: Differential cross sections in

Born approximation (solid lines), with full electroweak correc-
tions (dashed lines), with an s’ = 0.7s cut (dash-dotted lines);
also we show pure weak corrections (dotted lines, photonic cor-
rections and running of « excluded); all for /s = 0.5,1,3 TeV

0.6
.
ee — tt
05 G i
— born
————— B+V+S+H
sprime cut
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3
=
503
(o]
02
0.1
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E
Fig. 5.2. Total cross section for top-pair production as a

function of s. Born (solid lines), electroweak (dashed lines),
electroweak with s’ = 0.7s cut (dotted lines) and electroweak
with s' = 0.7s and cosf = 0.95 cut (dash-dotted lines)

“naturally” arising form factors in (2.32). For complete-
ness we also give the corresponding Born form factors.
The numerical values given are obtained for a character-
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Table 5 1.

F Fik — ¢ F 3% for weak, non-photonic corrections to the process eTe™ — tf at
\f = 50() GeV for a fixed scattering angle cos@ = 0.7. For reference we also
give the corresponding Born form factors; I'z = 0

Real and imaginary parts of the six independent form factors

f.f. Born weak 1-loop contributions
Re Im Re Im
P —2.509264710~7 0.0 1.0887486107%  —2.5501562107°
Pls 1.5620010107% 0.0 —9.7597976107°  —9.0271675107°
5l 5.624001310~% 0.0 —7.006142210"°  —6.3933666 10~°
F155 —1.374798510"7 0.0 —1.1156608107° 7.8631481107°
me FAY 0.0 0.0 8.14431321071°  —8.44591001071°
me F51 0.0 0.0 —9.0999772107° 4.8860491 10710
Table 5.2. Same as Table 5.1 for /s =1 TeV
f.f. Born weak 1-loop contributions
Re Im Re Im
FI' _6.26914351078 0.0 5.1307394107°  —2.78238541071°
Bl 3.8067964107° —0.0 —3.7437316107°  —2.4452620107°
Ff’l 1.3706335107%  —0.0 —2.9857994107°  —1.8781666107°
FP  _3.3505413108 0.0 1.031505010~° 2.3503159107°
me Y 0.0 0.0 1.1873053107 1%  —5.787144910 !
my B! 0.0 0.0 —9.730431210* 4.2210241107 1
Table 5.3. Same as Table 5.1 for /s = 3 TeV
f.f. Born weak 1-loop contributions
Re Im Re Im
F' —6.964434910~° 0.0 1.0150142107° 5.64713210712
Fis 4.19848211071°  —0.0 —6.7526020107° —3.4235887101°
ol 1.5116596107° —0.0 —6.07515591071° —2.6754148101°
F155 —3.6952823107° 0.0 3.56317221071° 3.4972393 1010
my Fi 0.0 0.0 2.9895163107'2 —6.6708986 10712
me F51 0.0 0.0 —2.493916010~'2 9.1292861 1013

istic center-of-mass energy of /s = 500 GeV and a fixed
scattering angle cosf = 0.7.

In Fig. 5.2 we present the total integrated cross section
as a function of 1/s. From the previous discussion it is clear
that the effect of radiative corrections is less dramatic in
the total cross section, since the effects above and below
the Born cross section are averaged out.

Finally the forward-backward asymmetry of the total
integrated cross section can serve as a good observable
to determine the effects of radiative corrections. Towards
higher energies, the effects become distinctively.

In summary our calculation shows that for the next
generation of linear colliders with center-of-mass energies
above /s = 500 GeV, electroweak radiative corrections
modify the differential as well as the integrated cross section
within the experimental precision of a few per mille. The
package Topfit provides the means to calculate those cor-

rections and allows predictions for various realistic cuts on
the scattering angle as well as on the energy of the photon.

Acknowledgements. J.F. and A.L. would like to thank DESY
Zeuthen for invitations and all authors thank the Heisenberg-
Landau project “New methods of computing massive Feynman
integrals and mass effects in the Standard Model” for financing
visits to Dubna.

A Translation of tensor decompositions

On the left-hand side we give the Passarino-Veltman func-
tions, used in [29], according to the tensor decomposition
of Feynman diagrams with respect to external momenta as
systematically introduced in [31]. On the right-hand side
we follow the corresponding notation in the LoopTools
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Fig. 5.3. Forward-backward asymmetry for top-pair produc-
tion as a function of s. Born (solid lines), electroweak (dashed
lines), electroweak with s’ cut (dotted lines) and electroweak

with s’ = 0.7s and cos 6 = 0.95 cut (dash-dotted lines)

package [30], with A # 0. There are also sign differences
reflecting different notions of metrics. We have

Co=—Cop, (A1)
Ci1=-C1—Cy, (A.2)
Chs = —Cs, (A.3)
C24 = Coo, (A.4)
Co = —C11 — 2C15 — Oy, (A.5)
Ch = —Cho (A.6)
Ca3 = —C12 — Caa, (A7)
D1y = Dy + Dy + Ds, (A8
D13 =Dy + D3, (A9
D13 = D3, 10

Doy = D11 +2D12 + 2D13 + 2Da3 + Dag + Dss,
Doy = 2D23 + D2z + Dsg,

D3 = D33,

Doy = D12+ D13 + 2D23 + Doz + D33,

Das = D13 + Das + Dss,

Dsg = Do + D33,

Dy7 = =Dqo -

P
=

B Renormalization

A detailed formulation of the renormalization of fermion-
pair production can be found in various textbooks, e.g.
[39]. To complete the documentation of our calculation we
present some relations resulting from the application of an
on-mass-shell renormalization, closely following [32]. They
had been used to derive the formulae given in Sect. 3.

After the renormalization of the boson self-energies: we
have to use the following expressions:

YN (p?) = Xz(p%) — ReXz (M%) = X4(p?) — 8M 42,

(B.1)
2 0?) = 2,0%), (B.2)
07 0% = 2z(0%) . (B.3)

The divergent parts of these renormalized self-energies
were given in (3.7). For the mixing angle renormalization
ReX;(Mz%) = 8Mz? and ReXy (Mw?) = 8My? are
needed:

SM 4?2
M3

(B.4)

M 2
SSin29w=C0829w< My ) .

T
Among the free parameters of the theory we have only one
coupling constant e, using

gsinfw = g'cosOw = e = /4T e (0) .

The electric charge renormalization differs in pure QED
and electroweak theory:

(B.5)

62,ren = 47‘Caem(0) <1 —+ 28:> s (BG)
e QED 1 10
oc = 287, . ==——_3 (p? B.
o 26 7T 2 9p2 (P )p2:07 (B.7)
%weak B lix ( 2) B Sinew EZ'y(O)
e T oV p—g  cosfw Mz*
(B.8)

The wave-function renormalization factor Z; is obtained
from the fermion self-energy X';, with

Zr(p) = Ap*) + Bp*) (§ — mg) + C(0°) P75
(B.9)
The resulting Z factor is
Zp =1+ za,f + 25,47 (B.10)
=1+ B(mfc) + 2mfA’(p2)|mf7; + C(m?)vg,.

For QED, the axial terms vanish, of course. Explicitly, the
UV-divergent parts are given by
1 m?f/
+3 2
8 My

e2 1(3 m?
sin?@w € \ 8 My2

uv __
Ra f =
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1
_eQE(Q?c —‘,—a? —I—U?), (B.ll)

jov_ ¢ 11 1 mp 1 mg
bf Sin2 Gw € 4 8 MW2 8 MW2
!
+e“—(2ayvy), (B.12)
Seweak ,UV 211 1
=e"—- B.13
- 5o (B.13)
dsin? O w
41 21 11 1 1
2 2 4
= — - — 0 — 0 -
€ <6 9 ¢® Wt 3COS W> sin? 0w €
41 11 1
=¢? (6 - 3c0829w> = (B.14)

with f’ denoting the isospin partner of f.

The above relations define the complete renormaliza-
tion procedure needed for our reaction. A vertex renormal-
ization, e.g. resulting from terms such as e@VHA#!I/ in the
Lagrangian, traces back to de and Z;. Explicit formulae
may be found in the Fortran code [17].

C Infrared divergences

The conventions of the one-loop functions and related ones
are those used in the package LoopTools [30]. In particular
the normalization of the one-loop integration is used as in
the following simplest example:

Ao(m2) _ (271:'“)4_(1/

im2

= —(4nu2)2_g(m2§1_gF(l - Z)

m? 1
=m? {1 - lnF + - + ln(4Tc)] + O(e).

d%%
kZ _ m2

(C.1)

In the Fortran program, we leave the treatment of IR
divergences to the packages used for the calculation of one-
loop integrals. Additionally, we checked analytically their
cancellation. For this purpose, we isolated them in the few
IR-divergent scalar integrals contributing to the process
ete™ — tt.

One-loop infrared divergences are due to the exchange
of a photon between two massive particles, which occur
also as external (on-shell) ones.

Wave-function renormalization yields IR-divergent
contributions DBy and D By, the on-mass-shell derivatives
of By and B; (with respect to the external momentum
squared). From® With the representation

Bl<p2; mi mg)

5 In FF, there is no DB; foreseen, while in LoopTools this
function was numerically unstable for A # 0. This might be
improved now

= % [(m% - m? - p2)BO(P27m%7m§)

+Ao(m}) — Ao(m3)] (C.2)

one arrives at

9
DBy (m2;m2,0) = a—szl(pQ;m270)

p2=m?2

= o3 [ Aolm?) + m? Bo(m?sm?,0)

—2m*DBy(p*;m*,0) (C.3)

p2:m2:| :
The UV divergences cancel at the right-hand side and the
IR divergence is traced back to D By. We mention for com-
pleteness that the similar function

DB, (m2; O,m2) = gszl (p2 = m2; O,mQ)

= [Ao (mz) —m?%By (m2; 0, m2)] /(2m4) ,

arising from the charged current self-energy with a mass-
less neutrino, is finite.
An explicit calculation gives
DBy(p*;m*,0),

1 I3 —-d/2)

= e

Co(m?,0,m?;0,m?, m?
- _ 0( pa— ) ’ (04)

Co(m?,0,m?;0,m? m?) ~ —— In —.
o ) m2 A\

Assigning the loop momentum k to the photon line in
the initial- and final-state vertex diagrams ensures that
the divergent part is exclusively contained in one scalar
three-point function Cj :

(C.5)

Co(m?,5,m?;0,m?,m?)

B 2
= Sﬁl{ln(y) {2 In(1+vy)— %ln(y) —In %

2
+5+ 2Lig(—y)} , (C.6)
with
T —am2 /s — _
y=y(s,m,m) = Lodmi/s =1 _ 0 1+i€.(C.7)

T—4m?/s+1 [+1

The finite, small photon mass A is defined according to
(4.70).

Finally, IR-divergent functions from the photonic box
diagrams, Dgy, D,, and D,,,, have to be considered. We
indicate for the direct two-photon box, shown in Fig. C.1,
how the singularities can be isolated.

The key ingredient for this method [31] is the following
identity:
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e t
P Xk -q1 _®2
> SV @ — -
e Il t
M A
+k T | Yk-qs | +k-g2
—
e
+p4 -p3

Fig. C.1. An infrared-divergent box diagram

D()O(

d4
| G

-1

2 _ .2

= X
s —mj —m3

2(k — q1)(k — g3) d"k

V (k= q1)* = m3)[(k — g2)* — m3][(k — g3)* — m3][k* — mj]

d'k
(k= 02" = mB][(k — ) — ]2 — ]
d*k
- 2 2 2 21712 2 } - (C8)
[(k = q1)* — m{][(k — g2)* — m3][k* — mf]
For m; = m3 = 0, evidently the numerator of the first of
the three terms makes it an IR-finite contribution and the
other two are C functions. To demonstrate more explicitly

the procedure we select the above diagram (see Fig. C.1)
and obtain (see also [40])

sDy
. / d*k
[(k — q1)?][(k — g2)* = m7][(k — g3)?][k* — mZ]
IR, / d*k
[(k = g2)% = m7][(k — g3)?][k* — m?]
d*k

* /Kk—mVMk—@F
B, Co(g3, (g3 —

+ Colal, (1 — a2)*,

2 2.2 2
= 2Cy(t,m;, m2;mzZ,m;,0) .

— mi][k? —mZ]
QQ)27Q?2,;mzamt270)
g3;m;,0,m7)

(C.9)

Only one scalar function has to be calculated, and in the
limit of vanishing m. we find

Co(m?2,t,m?;0,m?,m?)

1 MMy A2 . m?
=—|-1 1 L - —
T [ T " MMy + 12(
1, m2 m?

From the crossed box diagram, we get another function,
Dy, with ¢ in (C.10) replaced by u. When combining virtual
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and soft corrections, the singularities of these functions are
cancelled against the divergent parts of (4.78).

The vector and tensor functions may be treated quite
similarly:

sD, o
/ k, d'k
[(k = q1)?][(k = g2)* = m3][(k — ¢5)?][k* — m]]

IR [(k# — Q3p) + QS;L] d k
'*/Mk—@y—nmu k= g3)2][k* — m2]

w (Jm) + q1u] d4k

K
" /Mk—mPMk—@V—n@wz—mﬂ
—R>(QIM +q3u) CO(mgatvth;ngvm%)’ (C'll)

5D, o (C.12)

/ Kk, d*k
[(k = q)?][(k = g2)% — m3][(k — g3)?][k2 — m]]

IR
— (q1uq10 + @3pq30) Co(m2,t,m3;0,m2,m3).

To cross check the result, we isolated the IR-divergent
parts also with another approach, where the tensor inte-
grals are reduced to scalar ones by means of recurrence
relations [41,42]. The divergent contributions hidden in
the tensor integrals manifest themselves in the form of the
three IR-divergent scalar functions Cy introduced above,
namely (C.5) for self-energies, (C.6) for vertices, and (C.10)
for boxes, correspondingly.
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